In this paper, by introducing a parameter q and using the expression of the beta function establishing the inequality of the weight coefficient, we give a q-analogue of the Hilbert's type inequality. As applications, a generalization of Hardy-Hilbert's inequality are obtained.
Introduction
q-Series, which are also called basic hypergeometric series, play a very important role in many fields, such as affine root systems, Lie algebras and groups, number theory, orthogonal polynomials, physics, etc.. We first recall some definitions, notations, and known results in [1, 6, 7] .
The ratio (1 − q a )/(1 − q) is called a q-number (or basic number) and we have:
The following is the q-integral:
When f is continuous on [0, a], it can be shown that lim The q-gamma function is defined as Γ q (x) = (q; q) ∞ (q n ; q) ∞ (1 − q) 1−x , where 0 < q < 1, (a : q) ∞ = ∞ k=o (1 − aq k ) and lim
Analogous to the definition of the the beta function
the q-beta function is defined by
which tends to B(x, y) as q −→ 1 − .
If p, r > 1,
where the constant π sin π p and pr is best possible for each inequality, respectively. Inequality (1.2) is HardyHilbert's inequality. Inequality (1.3) is a Hilbert's type inequality [2] .
In [5, 10, 12] , Krnic at al. gave some generalization and reinforcement of inequality (1.2). In [3] , Kuang and Debnath gave a reinforcement of inequality (1.3): 4) where G(t, n) =
In [8, 9] , Xi gave a generalization and reinforcement of inequalities (1.3) and (1.4): 5) where
In this paper, by introducing a parameter q and using the expression of the beta function establishing the inequality of the weight coefficient, a q-Hardy-Hilbert's inequality is proved, that is a q-analogue of the Hardy-Hilbert's inequality. As applications, a generalization of Hardy-Hilbert's inequality are obtained.
A Lemma
First, we need the following formula of the Riemann-ζ function (see [4, 11, 13] ):
where
. Since ζ(0) = −1/2, then the formula of the Riemann-ζ function (2.1) is also true for σ = 0.
3)
Proof. Equalities (2.2) and (2.3) define the weight coefficient. When 2 − min{p, r} < λ 2, taking σ =
where 0 < ε 1 < 1.
where 0 < ε 2 < 1.
In addition,
Since q > 1 and lim
By (2.4) and (2.5)
In (2.4), taking n = 1, by 2 − min{p, r} < λ 2, we obtain
So for n 1, n ∈ N, 2 − min{p, r} < λ 2, we have
Using the last result and the inequality for ω(n, λ, q, p) above, we obtain (2.2).
In a similar way, one can prove (2.3).
Main results
Theorem 3.1. If p, r > 1,
2)
Proof. By Hölder inequality, we have
By (2.2) and (2.3), we obtain (3.1). By Hölder inequality and Lemma 2.1, we have By Lemma 2.1, we obtain (3.2), the proof of the theorem is completed. 
